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Abstract 

Construction of integrable field theories in space with a boundary is extended to 
fermionic models. We obtain general forms of boundary interactions consistent with 
integrability of the massive Thirring model and study the duality equivalence of the 
MT model and the sine-Gordon model with boundary terms. We find a variety of 
integrable boundary interactions in the 0(3) Gross-Neveu model from the boundary 
super symmetric sine- Gordon theory by using boson- fermion duality. 
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1 Introduction 



A physical system can often be described in two apparently different languages, which are 
dual to each other. One of the examples, which has recently attracted much attention, is the 
conjecture of electric-magnetic duality in supersymmetric Yang-Mills theories in four dimensions 
||^]. In two dimensional quantum field theories (QFTs), the duality relation between the bosonic 
and fermionic descriptions can be proven in a large class of integrable models, e.g. the sine- 
Gordon (SG) and massive Thirring (MT) equivalence [Q] and the WZNW and massless Thirring 
equivalence p. Studies of the duality relation have in the past deepened our understanding of 
the non-perturbative nature of QFTs. 

Integrable QFTs including SG and supersymmetric sine-Gordon (SSG) theories have recently 
been extended to cases in which the space has a boundary [|, |, |, |, |, |, Integrable 
boundary QFT can only be constructed if one can find boundary interactions which satisfy 
suitable conditions. Integrable boundary QFTs have many applications in physical systems of 
low dimensionality. 

A large class of integrable QFTs consisting of fermions is known. It is believed that such 
models bear a resemblance, in some respects such as chiral symmetry breaking, to the fermions 
in gauge theories in four dimensions. 

In this paper we extend the construction of integrable boundary QFT to fermionic models 
and study boson-fermion duality in models with a boundary potential. We consider the two 



simplest cases, MT and 0(3) Gross-Neveu (GN) models [11|. In the bulk theory, the MT and 
the 0(3) GN models are known to be bosonized to give the SG and the SSG theories [§, 
respectively. We will find a few different classes of integrable boundary interactions, given a 
fermionic model in the bulk, each of them defining a distinct boundary QFT. 

2 Four-Fermi Interaction Models and Their Dual Theories 

Let us recall in this section some known facts about the four-fermi interaction models in the 
bulk and their duals. 

The MT model is defined by f\ 

^OMT = ^^i'il^d^il: - ^d^tpi-f'^tp - imilj'ilj - ^ (i'l/itl')'^ , (2.1) 

where "0 is a complex spinor (Dirac fermion), m a mass parameter and g a coupling constant. 
The MT model is known to be equivalent to the sine-Gordon theory [0], which is a model of 



^Throughout this paper, we use the foUowing notation: ip = V'^l'^i 7° = | I > 7^ ~ I I ^^'^ 

7m = ViJ^i^Y, ^i^y = diag{-l, 1). 
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a single real scalar field (j){x) defined by 

CosG = l {d^<pf + ^ cos a^. (2.2) 
The coupling constants in the two theories are connected by 

g/TT = An/a'^ - 1. (2.3) 

This equivalence between the SG theory and the MT model has been shown to be a duality 



relation |13| 



The 0(3) GN model is a model of a triplet of real spinors (Majorana fermions) Xii^) is 
defined by 

-j^ 3 / 3 \ ^ 



This model was shown by Witten [12| to be equivalent to the SSG model which is defined by 
the lagrangian 

CossG = -\ {d^'i^f - \xil^d^X - 2^' cos2 B4> - lAB xx cos Bcj), (2.5) 

where x is a Majorana spinor and A, B are coupling constants. The point is to group the 
Majorana fermions in pairs. Given two Majorana spinors xi and X2 (two Majorana fermions 
being equivalent to a Dirac fermion), one has the following fermion-boson correspondence [0] 

\{xiil^d^Xi + X2il^d^X2) = ]^{^^,(t)f, 



iXiXi + iX2X2 =■ cos V 47r(/) :, 

Xa''X2 = -^e^^'^d^cp, (2.6) 



together with the following important relation 

_2 

: cos V^(j) ■?= {du(l)f + c number, (2.7) 

TT 

where :: stands for normal ordering. The last relation can be deduced from ( p.6| ) and has no 
classical counterpart. 



Using these fermion-boson relations, one gets |12] 



C-QGN = -]j^{d^ipf - ^x^il^d^x-i - : cos pip :^ -iApxsXs : cos^v9 :, (2. 

where 

-A , 



A = JC/2, p = 2g/A, ^ = ^- , 
^ 9 

C = 2g\l-Ag/7:)/{^-Sg^/Ti). {2A 



The coupling constant A is connected to the coupling constant g by the above relations ( |2.9| ) 
and i? to 5 by 

B = 2g/A. (2.10) 



The equivalence of the two descriptions (2.4) and (^^) may be interpreted as a duality relation. 



in the same way as the MT-SG equivalence. 



3 Integrable MT Model on a Half-Line 

We use the light-cone notation: z = ^{t — x), z = ^{t + x), which imphes dz = dt — dx, dz 



dt + dx- The Dirac fermion ^ appearing in ( |2.1D can be expressed as ^ = (V'l; 

The theory on a half-hne x E (—00, 0] is defined by adding the boundary term Sb to the bulk 
part 5*0 of the action. The total action S can be written as 

/oo rO POO 

dt dxCo{i^ui^2,dzi^i,dzi^2)+ dtB{M2), (3.1) 
-00 J —CO J —CO 

where the boundary potential B is assumed to be a functional of the fields at x = but not of 
their derivatives. In addition to the bulk field equations: |^ - dz-^^ = 0, ^ - ^s-^^ = 0, 
we have equations of motion at the boundary x = : — + = 0, + = 0. 

In the case of MT model, if one makes the substitution (rescaling): 

-d±^d±, \f^i^2^i^2, (3.2) 

m V m V m 



then from ( |2.lD one has the following lagrangian for the Cq's in (3.1): 

Cqmt = -■^tpidzipi + ^dzipi^/Ji - ^ipl^zip^ + ■^dzilJ2tp2 + + + V'IV'lV'2V'2. (3.3) 
The equations of motion read in the bulk 

idzlpl = ■02 + V'lV'2V'2, 

idgijj^ = ipi + ip2iPiilJi, (3.4) 

and at the boundary x = 0: 

dB dB 
+ — r = 0, i^2 + — T = 0. (3.5) 

In the bulk theory there is an infinite number of conserved charges |14| constructed from 
densities T^+i, Tg+i, @s-i and Qs-i with s = 1,3,5, These densities satisfy the following 
continuity equations 

d-zTs+i = dzQs-1 , dzfs+i = d-zQs-1. (3.6) 
The densities for s = 1 are given by the energy- momentum tensor, 

T2 = iipldzipi - idzipiipi, 

T2 = ^02^^-02 - idz1p2'^2, 

60 = 60 = -40^1- 0^102. (3.7) 

The s = 3 densities are 

f4 = -iijldli^i+idltPli^i + Gdz^i^li^idzi^i, 

T4 = -i4d!iJ2 + idl4i'i + 6dz44^2dz^lJ2, 

62 = 4dl^i + 914^2 - i44i^idzi^i + id-z4i4ii^ii^2, 

62 = 4id!tp2 + d^z42i^i-i4i42i^2dz^l^2 + idz4242i^2i^i- (3-8) 
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These densities can be checked to satisfy the continuity equations, using only the field equations 



(3.4) and the anticommutation relations for the ip^s and their derivatives. 
Suppose that one can choose the boundary potential B such that at x = 

T4-f4 + e2-e2 = ^S3(t), (3.9) 

where S3(t) is some functional of boundary fields ipi{t), '4^2{t)- Then the charge P3, given by 

P3 = f dx {T^ + f4 - G2 - 62) - S3(t) (3.10) 
J —00 

is a non-trivial integral of motion. 

We now examine in what circumstances T4 — T4 + 02 — Q2 may be written as a total t- 
derivative. By using the field equations ( p. 41 ) and the anticommutation property of the ip^s, it 
can be shown after a tedious computation that 

T4-f4 + e2-e2 = dtisomething) - 2A{i^l4^u + 4t^2t){4i^i - i'U2) 

-16i {4ui^ut - 4t^2tt) - I2i (VLV'i - 4ti'2). (3.11) 



We look for the boundary potential B{ilJi,ip2) which will make the r.h.s of ( p. 11 ) be a total 
t-derivative. The most general form of B{ipi,ip2) satisfying hermiticity must have the form ^ 

13{i^i,i^2) = ai4ii^i + a242^2 + ias {4i42 - ^2^) + ^4 [e'^'4ii^2 - e-^^i^V'i) 
+05 (elVi + 4iei) + ae ((^'"e\^2 + €-'''42^2) 

+ia7e\dtei + iaseldte2 + iageldte2, (3.12) 

where a; (/ = 1, • • • , 9), 61, &2 are real constant bosonic parameters, and ei(t), e2(i) are fermionic 
boundary operators Then, the Vi; V'2 field equations at the boundary x = 0, eqs. (|3.5|) , 
become 

(1 + iai)ipi - 046*^^ ^/^2 - a3V'2 = -ia^ei, 

(1 - ia2)ip2 - a^e-'^^iPi - 03^^! = iaee-'^'e2. (3.13) 



It turns out that in order for solutions of ( 3.13 ) to make the r.h.s of ( 3.11 ) a total t-derivative 



one has to set ei(t) = e2(i) = e(i)- The constraints for the other constant parameters can also 
be determined. We find the following four classes of boundary potential which preserve the 
integrability of the bulk MT model: 

(i) B{^l^l,i^2) = (V'I4-V'2V'i), 
cosao ^ ^ cosQo ^ ^ 

vr 

CKo / — mod vr; (3.14) 



'We have excluded terms such as ■ip\ipi_'\p\'\p2, '<p\^iip\ etc, since they do not have the right dimensions. 
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cos(/3 - Po) ^ ' 



+ 



/3 - /3o / ^ mod vr; (3.15) 

(m) ^('01, V'2) = aCWV'i - ^2V'2) + (V'lV'2 - ^2^"!) 

/ / ±1, if a = 0, and a / if / = ±1; (3.16) 

{iv) S(V'i,V'2) = r(^IV'i + V'^V'2) + (e^°^IV'2 - e-^^IV'i) 

+s (eVi + V-Ie + e^^eV2 + e^^^^e) + ^de^dte, 

c / ±1, if r = 0, and r / if c = ±1, (3.17) 

where ao, /3o) ct; > 7; -^j ^-nd a, 6 etc, are free real constant parameters. It is remarkable that 
in the cases (iii) and (iv\ five and six free parameters are allowed in the integrable boundary 
potential, respectively. 

These boundary potentials have been derived by examining the first non-trivial conserved 
charge P3 and our argument is restricted to the classical case. We believe that the above 
computation can be extended to the quantum theory, and that our analysis will be completed 
by showing that all conserved charges of higher spin give the same results. To this end one may 



use the prescription suggested in [15|. 

The boundary conditions for the ^ fields can be derived from the above boundary potentials. 
The boundary term ( |3.14| ) gives rise to the free boundary condition, 

{i) Vi = e'">l (3.18) 



and ( 3.15 ) to the fixed boundary condition, 

iii) Vi = 6*^0^2- (3.19) 

In the last two cases one needs to eliminate the "external field" e(t) by using the e field equation 
at the boundary x = 0, which takes the form for the case (iii), ihdte + /i(V'i + e*'^V'2) = 0, and 
iddte + s{^\)\ + e^^ip2) = for the case (iv). The results are 

{iii) /4-(l + ia)^i-e*^((l + m)^2-M) = 0, 

/5t (4 - (1 + m)Vi) + /i' (V'l + e'^V'2) = 0; (3.20) 

{iv) ce*"V2 - (1 + ir)i^i - e'^ ((1 - ir)V'2 - ce-*"Vi) = 0, 

ddt (ce*"V'2 - (1 + ir)Vi) + (V'l + e*^V2) = 0, (3.21) 

plus the corresponding equations obtained by hermitian conjugation. 

Let us examine whether the integrable boundary MT models obtained above have a dual 
description in terms of bosons. Consider the special case of {iii) (the argument below applies 
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to the case {iv) as well), 

B{^u^2) = h [e^i + V'le + e'^e^2 + e-^^V|e) (3.22) 
which can be rewritten as, after a redefinition of the field e: e = ee~''^ , 

^(^1, ^2) = h (e^^eVi + e-'^iPle + e'^'^+^h^iP2 + e-'^^+^'^ ^ple) . (3.23) 
With the help of a result obtained in |16], one may write 

: cos ^i^^M. ;= e-*o/2(^t^^ + g^t) + e--0o/2(^tg + ^^^t), (3,24) 

So, the boundary MT model with (3.23) as its boundary potential is equivalent to the boundary 
SG theory which is defined by the lagrangian, 

>CoSG = \ {d^^f + ^ : coscT</. : +5(x) A : cos ^i^-^ (3.25) 

provided the coupling constants in the two theories are connected by 

h = k, 6 = ^, 7 = 7r-a0o. (3.26) 

Other types of boundary potential in the MT model do not appear to give rise to integrable 
boundary potentials in the SG model by means of bosonization. The reason why bosonization 
formula, which holds in the bulk theory, may not hold in some cases with a boundary is not 
very clear to us. The following may be a possible explanation. The bosonization involves an 
exponential of integral from —00 (+00) to x. The presence of a boundary (at x = 0) may be an 
obstruction to this non-local expression and may cause the breakdown of boson-fermion duality 
in boundary integrable field theories. 



4 Integrable 0(3) GN Model on a Half-Line via Boson-Fermion 
Duality 

The boundary potential compatible with integrability of the SSG has been investigated previ- 
ously Q. Two different forms of potentials are obtained: 

1) B{(l),x,x)=^- cos B{(l,-ct>o):+'-M XX, {M ^ ±1); (4.1) 

2) S(0,x,x) = ±(^-g-:cosi?</.:+-xxj, (4.2) 

where A, M and (/>o are bosonic constants, and A, B are the same constants as in (p.5|). Only 
the boundary potential of the form 2) preserves super symmetry. 

In this section we determine the integrable boundary 0(3) GN model which is equivalent 
to the integrable boundary SSG theory. An analysis of finding the general form of integrable 
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boundary potential will be reported elsewhere. This can be done by use of the boson-fermion 
duality relations ( p. 61) and (|2.7D . Experience suggests us to make the following ansatz for the 
general form of the boundary GN model lagrangian, 



^bGN = -T^'^Xi'il^d^Xi - 9 i^^XiXi] (^^3X3+ 9"{XiXi + X2X2)] ■ (4.3) 



1=1 \i=i 



We determine the constants g' and g" by demanding that the boundary potential be inte- 
grable. Following the same prescription as in one obtains from ([4.3|) 



1 1 

^bGN = -^idf,(pf - -X^il'' 9^X3-'^ ■■ COS p(f -.^ -lAp X3X3 ■■ COS p(f : 

+6{x) (^1^X3X3 + a" ■■ cos pip :j , (4.4) 

where ip, p and A are given by (^). 

Comparing with the integrable boundary SSG theories, one sees that in order for the bound- 
ary GN to be integrable the constants g' and g" should take either of the two values: 

1) g' = M, g" = A; 

, ,, 2A q(l - iq/Tr) 

2 g' = ±l, g" = ±— = ± ^^ ^' K 4.5 

D vr — og /t: 

Thus one has two alternative classes of integrable boundary GN model which are defined by 

2 

1 1^ \ 

1) C^bGN 



^3 ( ^ \ 



+i6{x) ( ^X3X3 + HxiXi + X2X2) ) , M (/ ±1), A arbitary; (4.6) 



2) C 



bGN 



1 ^ / 3 \ ■ 



±iS{x) ( \x3X3 + 8g2/^^ (^1X1 + X2X2) ) . (4.7) 



For the special case M = 4A the model 1) is reduced to 



1=1 \t=l / 1=1 



This model preserves the 0(3) symmetry of the bulk theory. On the other hand, the 0(3) 
symmetry is always broken in the model 2). 



5 Discussions 

We have derived the general form of boundary interactions B{il)) by finding all solutions of ( |3.11 ) 
in the MT model. We are then able to discuss the boson-fermion duality between the boundary 
MT model and the boundary SG model. It is very curious that the integrable boundary potential 
for the MT model contains a larger number of free parameters than that for the SG model. 
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To study the duality between the few classes of boundary SSG model and those of the 0(3) 
GN model in details, we have to go beyond the present investigation in section ^ and to carry out 
an analysis similar to the one in section ^. It is of interest to do the same for the SU (2)-invariant 
Thirring model. We wish to return to these problems in the future. 

The SG/MT model is obtained by taking the continuum limit of the spin-^ XYZ chain with 
appropriate choice of the coupling constants in the latter model |17]. It is very interesting to see 
whether the boundary SG/MT model can be obtained from the boundary XYZ spin chain jl^ by 
taking the continuum limit. This problem has been discussed in ||l^ and is under investigation. 
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When writing this paper, we saw a recent preprint in which a boundary MT model 
corresponding to the special case of one of our solutions, ( 3.16| ), is derived via fermionization of 
the boundary SG theory by using the same method as in p^ . 
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